We include a tower of massive string modes in the form of a string gas matter source in an effective field theory setup. In this framework, the matter Lagrangian yields a potential for the size moduli which satisfies |∇V |
Introduction
There has recently been a lot of discussion concerning what types of effective field theories for gravity coupled to matter can be consistent with superstring theory. Those that do belong to the landscape, while those that do not are said to be in the swampland. Specifically, [1, 2] (see also [3] ) suggested that all scalar fields arising from string theory must have a potential which satisfies
where c, c are universal constants of order 1 and M p is the Planck mass (see e.g. [4, 5] for recent reviews). This bound, called the de Sitter conjecture, excludes stable and metastable vacua in string theory and is motivated by two key arguments. First, the conjecture is supported by multiple examples in string theory [1] . Second, we expect that when the de Sitter conjecture is violated, a massive tower of states becomes massless leading to a breakdown of the effective field theory. This second argument was first demonstrated in [2] using Bousso's [6] covariant entropy bound in an accelerating universe. It was shown that for field values larger than the Planck scale, an exponentially large number of string states become massless (see also [7] ), saturate the entropy bound and force the scalar field to satisfy the de Sitter criteria.
Although the de Sitter conjecture is widely used, there have been very few attempts to explicitly include effects of a massive tower of states in low energy effective field theories 1 . In this paper, we discuss a way to include the massive tower of string states as a string gas and discuss the implications for low energy effective field theories. The framework is motivated by the string gas scenario [9] of early universe cosmology.
String Gases and the Massive Tower of States

Including the Massive Tower of States
We start with the action of a closed string in a D-dimensional space-time where d dimensions are non-compact and p are compact. In the "adiabatic" approximation, the Nambu-Goto action can be approximated as the energy of a particle with a mass corresponding to the oscillations of the closed string. The reader is referred to [10] [11] (see also [12] ) for more information on the adiabatic approximation. A large number of closed strings with the same mass and momentum give a string gas whose action is given by [11] 
where p is the momentum of the center of mass of the string in the non-compact dimensions, n D−1 is the number density of strings in the D − 1 spatial dimensions and M n, w, N is the mass of the string, which depends on quantum numbers n, w and N . The quantum numbers are, respectively, related to the momentum modes, the winding modes, and the oscillatory modes. The mass spectrum of the string depends on the choice of compactification. The simplest example is to consider a torus with a metric γ ab which only has diagonal elements. In this case, the string mass reads M 2 n, n,N = 1 R 2 γ ab n a n b +
The variable R in the expression for the mass describes the coordinate interval for each cycle of the torus. In other words, coordinates
We will use this compactification example repeatedly throughout the paper. For simplicity, we will also set R to unity, with the physical length of the cycles hence being described by the metric γ ab . We now wish to find an action that describes a string gas with all possible momentum states and all possible masses in the tower of states. We start with a string gas made of one string by choosing the number density
where x τ xm is the center of mass of the particle and G s is the determinant of the spatial part of the metric. We will work in a regime where M n, w,N does not depend on the coordinates of the compactified dimensions. Therefore, we can integrate over the p internal dimensions to obtain
Here, g 00 is the zeroth component of the d-dimensional metric. To obtain the desired string gas, we sum over a large number of one string "string gas" actions and overall possible massive states to obtain
(2.5)
In the thermodynamical limit, the sum in the action above can be viewed as the thermally averaged energy of a relativistic gas with particles of massive states given by M n, w,N . The string gas action then reads
where E 1 is the thermal average of the energy of a single string and n d−1 is the number density of strings in the d − 1 non-compact spatial dimensions. The spatial determinant of the metric √ g s is factored in the action by defining
the comoving number density. The thermal average E 1 is computed as
where β is the inverse temperature, and Z 1 is the finite temperature partition function of a relativistic string with mulitiple massive states given by M n, n,N :
Note that we do not include in the sum the tachyonic states of our theory, since we expect them to vanish in a supersymmetric generalization of our model.
For our analysis, we will write the partition function as a sum of Kelvin functions K a [13] . The result reads
To account for all the massive states in the theory, one would have to sum over all the quantum numbers in the equation above. However, the sum can simplify in certain cases. For example, if β M −1 s and if we compactify on a torus, there are some preferred states which dominate the sum [11] . These states satisfy (n a + w a )(n a + w a ) = 4(N − 1) (2.10)
N + w a n a ≥ 0 (2.11) and therefore are massless at the self-dual radius when γ ab = α δ ab . Furthermore, the preferred states must remain massless to first order away from the self-dual radius. For our specific ansatz, the only states which satisfy this criterion are degenerate and have N = 1 and n a = −w a = ±1. Since the preferred states are degenerate, the sum in equation (2.9) is easily evaluated and yields
Here,Ñ is the number of states which are massless to first order. Using the partition function above, the thermal average E 1 is easily evaluated and yields
At temperature low compared to the string scale, we have (β 1) and the last term can be neglected. To simplify our analysis, there are two regimes in which the Kelvins functions can be simply approximated:
In these two limits, the thermal energy reads
Since we assume β to be large, the first limit will usually apply. However, since β will be large but not infinite, the second limit will apply when M 1,−1,1 becomes very small.
String Gases and Moduli Stabilisation
Moduli Stabilisation on The Torus
It is known that string gases can stabilize the size of extra dimensions [10] [11] [12] (see also [14] for a review), even in the absence of fluxes. 2 In this section, we will show how a string gas made of a massive tower of states can do the same.
We start with a simple dimensional reduction ansatz for the metric of a space-time topology R d × T p , were T p denotes a p-dimensional torus. The metric reads
where g µν is the metric of the non-compact dimensions, and γ ab in the metric of the torus. We will enforce that γ ab only has diagonal elements for the mass spectrum of the string to be given by (2.2) . With our ansatz, the dimensionally reduced low energy action of bosonic string theory with a string gas reads
(3.2) Here, we will ignore the B µν fluxes, which play no role in our analysis. We will also assume that the dilaton Φ d is stabilised and that we can consider it to be a constant.
The metric γ ab will generally involve various scalar fields φ I called moduli fields. The kinetic term of the moduli fields reads
Therefore, a good parametrization of the moduli fields on the torus is γ ab = e 2φ a δ ab . With this parametrization, the kinetic term of the moduli fields is Euclidean and the low energy action reads
It's worth noting that the string gas Lagrangian depends explicitly on the metric γ ab , and therefore on the moduli fields φ a . Thus, the string gas lagrangian yields a potential for the moduli fields given by V (φ a ) = 2κ 2 0 e 2Φ d n E 1 (φ a ) .
(3.5)
The moduli will naturally stabilize at the minimum of this potential. To find this minium, let us study the thermal average E 1 in the appropriate limits. When M 1,−1,1 is sufficiently large, we have E 1 ≈ M 1,−1,1 and the potential reads
The expression for M 2 1,−1,1 is obtained using equation (2.2) with γ ab = e 2φ a δ ab , N = 1 and n a = −w a = ±1. Notice that the masses of the momentum modes become exponentially large as φ a → −∞ and that the winding modes become exponentially heavy as φ a → ∞. As a result, the moduli φ a will be driven towards the self-dual radius of the torus where e 2φ a = α .
(3.8)
When M 1,−1,1 becomes sufficiently small near the self-dual radius, the thermal energy becomes E 1 ≈ β d M 2 1,−1,1 and the potential reads
To see how the moduli stabilize, we will Taylor expand the potential to second-order around the self-dual point where φ a = 1/2 ln α . We obtain
Here, ∆φ a is the deviation of φ a from the self-dual point. The potential is minimised when ∆φ a = 0. Therefore, we conclude that all moduli will stabilize at the self-dual point φ a = 1/2 ln α .
Moduli Compactification in Other Compactifications
So far, we went over a simple example of how moduli stabilize in toroidal compactifications. This stabilization process can be conceptually explained for arbitrary compactifications.
The key aspect of the process is that the moduli potential V (φ I ) is directly proportional to the mass M of the massive tower of states and that the tower of states is composed of momentum modes and winding modes. When the size of the extra dimensions shrink, the momentum modes start to dominate and become exponentially massive below the self-dual radius. As a result, the moduli potential increases. The potential also increases when the size of the extra dimensions increases above the self-dual radius and the winding modes become exponentially massive. We find that the moduli potential is always minimized at the self-dual radius. This behavior of the momentum and winding modes is a direct consequence of T-duality, which states that the mass spectrum of string theory is invariant under
Therefore, we expect that the size of extra dimensions will always stabilize at the self-dual radius regardless of the choice of compactification.
String Gases and Gravity as the Weakest Force
We saw that string gases can stabilize the size of extra dimensions to their self-dual dimensions. We expect Standard Model physics to emerge when the moduli are stabilized at the minimum of their potential. As a result, gravity must be the weakest force. We will show that for string gases, this is always the case to low order in α . We start with a simple Kaluza-Klein dimensional reduction ansatz:
For simplicity, we will continue to assume γ ab only has diagonal non-zero elements. The low energy action of bosonic string theory in the presence of string gases then reads
2) Again, we will assume Φ d to be constant for simplicity. If we choose γ ab = e 2φ a δ ab , then we saw earlier that the moduli φ a stabilize at the self-dual dimensions of the torus where e 2φ a = α .
(4.3)
In the self-dual configuration, the gravitational coupling and the gauge couplings are respectively given by
Therefore, in the limit where α 1 (the limit in which string perturbation theory is trustworthy), the electromagnetic force will naturally be stronger than gravity, in agreement with the weak gravity conjecture [17] .
String Gases and the de Sitter conjecture
To see how the de Sitter conjecture is satisfied by the string gas, let us use the ansatz used in Section 3.1 for moduli stabilization. We will also work with d = 4 where the string coupling can be written as κ 2 = M −2 p . The dimensionally reduced low energy action of bosonic string theory with a string gas then reads
Notice that so far, our definition of the moduli fields φ a has made them dimensionless. However, in 4 dimensions, scalar fields have mass dimension 1. We will restore the right units to the moduli fields by defining the scalar fieldsφ a = M p φ 2 . These scalar fields have the right mass dimensions and their kinetic therms are canonically normalized in equation (5.1). The potential of the scalar field is given by
where E 1 (φ a /M p ) can be approximated in the same limits as in Section 3.1. For the purpose of our analysis, we will use the field redefinitionφ a =φ a 0 + ∆φ a whereφ a 0 = (2M p ) −1 ln α is the value ofφ a at the self-dual point. With this field redefinition, the mass M 2 1,−1,1 can conveniently written as Clearly, this potential increases exponentially with a rate which is on the order of M −1 p no matter which direction you go in the moduli space away from the self-dual point. Therefore, far from the self-dual point, the potential satisfies the de Sitter criterion
Near the self-dual point (∆φ a = 0), E 1 ≈ 2β d−2 M 2 1,−1,1 and the potential can be approximated as V (∆φ a ) = a n 8
In this case, the ratio gives
and blows up as ∆φ a → 0. Once again, this is in agreement with the de Sitter conjecture.
Now that we know that the string gas potential satisfies the de Sitter criterion, we can derive the minimum value of |∂ a V |/V . We know that |∂ a V |/V has the mirror symmetry ∆φ a = −∆φ a and asympotically reaches a constant of order M −1 p far from the self-dual point. Therefore, let us assume ∆φ a 0. In this case, |∂ a V |/V is written as 
Conclusion and Discussion
We saw how a tower of massive string states can be included as a string gas in the effective field theory for the background geometry. To be specific, we consider a toroidal compactification of p spatial dimensions. When included in this way, the string gas yields as a potential that stabilizes the moduli (the scalar fields which emerge from string theory) at the self-dual radius of the extra dimensions. As a result, gravity emerges as the weakest force (in agreement with the weak gravity conjecture) and the de Sitter conjecture on the slope of the scalar field potential is naturally satisfied. Our analysis yields the value of the numerical coefficient c which arises in the de Sitter conjecture. Its value is 1/ √ p. 3 It would be interesting to apply similar arguments to string gases in general Calabi-Yau compactifications. Based on our qualitative arguments, we expect the main conclusions to be unchanged, but it would be interesting to study the value of the constant c in the de Sitter conjecture bound which emerges. It would also be interesting to study the constraints on the potentials for other moduli fields. Based on the analysis in [15] , we expect that similar conclusions can be derived for shape moduli fields.
Our analysis supports the view that it will be very difficult to embed cosmological inflation into string theory: the scalar field potentials which emerge are too steep to support inflation with sufficiently slow rolling. The challenge for primordial inflation has recently been strengthened by the Trans-Planckian Censorship Conjecture (TCC) [18] which shows that [19] that a phase of inflation which can explain the origin of structure in the universe is only possible if the scale of inflation is smaller than about 10 10 GeV. Demanding the correct power spectrum for cosmological perturbations leads to further constraints which, in particular, yield an upper bound on the tensor to scalar ratio r of about r < 10 −30 4 . String theory may hence favour an alternative early universe scenario such as string gas cosmology [9] , a scenario which assumes an initial high temperature state of strings in thermal equilibrium, and yields an alternative to cosmological inflation for producing a spectrum of nearly scale-invariant cosmological perturbations [21] with a slight red tilt, and predicts a nearly scale-invariant spectrum of gravitational waves with a slight blue tilt [22] , a prediction with which the predictions of string gas cosmology can be distinguished from those of canonical inflation models (see e.g. [23] for a review). 3 It is important to mention a caveat when comparing our results to the de Sitter conjecture (we thank C. Vafa for stressing this point): the de Sitter conjecture concerns properties of the bare potential. The potential we are studying, on the other hand, is an effective potential which assumes the presence of a gas of string modes with momenta and windings about the compactified dimensions. On the other hand, this potential plays the same role in stabilizing the string moduli as the potentials usually considered in string inflation models. Hence, it is fair to compare our potential to the ones which are usually studied. 4 These conclusions can be mitigated by adding new whistles to the inflationary scenario [20] .
